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Abstract
In this paper, Killing vectors of spherically spacetimes have been
evaluated in the context of teleparallel theory of gravitation. Further,
we investigate the Killing vectors of the Friedmann metrics. It is found
that for static spherically spacetimes the number of Killing vectors
turn out to be seven while for the Friedmann models, we obtain six
teleparallel Killing vectors. The results are then compared with those
of General Relativity. We conclude that both of these descriptions
of gravity do not provide the consistent results in general. However,
these results may coincide under certain conditions for a particular
spacetime.
Keywords: Teleparallel Theory, Killing Vectors.
1 Introduction
The concept of symmetry is much helpful to find the solution of many prob-
lems in physics. The connection between symmetries and conservation laws
in physics has both fundamental significance and great practical utility. The
symmetries of curved spacetimes are generated by Killing vectors (KVs) also
called isometries. Some other spacetime symmetries are Ricci collineations
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(RCs), curvature collineations (CCs) and matter collineations (MCs). These
symmetries help to solve the Einstein field equations (EFEs) and to clas-
sify their solutions. Thus symmetries play a significant role in describing
the geometry of a spacetime. Much work has been done to explore these
symmetries during the last two decades. Petrov [1] was the first who consid-
ered the four-dimensional spacetime to solve the Killing equations. Bokhari
and Qadir [2,3] gave a complete classification of static spherically symmetric
spacetimes. Ziad and Qadir [4,5] extended this work and obtained a complete
classification of non-static spherically symmetric spacetimes.
Teleparallel theory of gravity (TPG) was introduced by Einstein in his
unsuccessful attempt to unify electromagnetism and gravitation [6]. This is
considered as an alternative description of gravitation which corresponds to
a gauge theory for the translation group [7] based on Weitzenbo¨ck geometry
[8]. Here the non-zero torsion plays the role of force [9] and curvature tensor
vanishes identically. In this approach, there are no geodesics and the gravita-
tional interaction is described by force equations similar to the Lorentz force
equations of electrodynamics [10]. Thus we can say that the gravitational
interaction can be described in terms of curvature as is usually done in GR
or in terms of torsion as in TPG.
In this theory, tetrad plays the role of basic entity instead of the met-
ric tensor as in the case of GR. The tetrad formulation of gravitation was
considered by Møller with attempts to define the energy of the gravitational
field. In 1961, Møller revived Einstein’s idea of unification of gravitation
and electromagnetism and presented a theory which based on tetrad field
instead of metric tensor [11]. Later, Pellegrini and Plebanski [12] found a
Lagrangian formulation for absolute parallelism. Hayashi and Nakano [13]
independently worked to formulate the gauge theory of the spacetime trans-
lation group. Hayashi [14] also pointed out the connection between the gauge
theory of spacetime translation group and absolute parallelism. During the
last two decades, much attention has been given to analyze the basic solu-
tions of GR with TPG and comparing the results. There is a great literature
available [15-24] on the study of TP versions of the exact solutions of GR.
Recently, Sharif and Jamil [25,26] have found the TP versions of the
Friedmann models, Lewis-Papapetrou spacetimes and stationary axisym-
metric solutions of the Einstein-Maxwell field equations. They have ex-
plored the energy-momentum distribution of these solutions [27] by using
certain energy-momentum density developed from Møller’s tetrad theory.
Further, they have evaluated the energy contents of static axially symmet-
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ric spacetimes [28] by using TP version of four prescriptions, namely, Ein-
stein, Landau-Lifshitz, Bergmann-Thomson and prescription developed from
Møller’s tetrad theory. In a recent paper, the same authors [29] introduced
the idea of symmetry of a spacetime with torsion only. For this purpose,
they defined the TP version of Lie derivative and found the corresponding
Killing equations. They evaluated the TP KVs of the Einstein universe.
This paper extends the above work by evaluating the TP KVs of static
spherically symmetric and the Friedmann spacetimes. The results are com-
pared with those available in GR. The layout of the paper is as follows. In
section 2, we shall give brief review of fundamental concepts of TPG. Section
3 is devoted to explore the KVs of static spherically symmetric spacetimes.
In section 4, the TP KVs of the Friedmann metrics have been investigated.
The last section contains discussion and conclusion of the results obtained.
2 A Brief Review of Teleparallel Theory of
Gravity
In TPG, the gravitational field is described by the tetrad field haµ which has
been used to define the Weitzenbo¨ck connection [10] as
Γθµν = ha
θ∂νh
a
µ, (1)
with respect to which tetrad is parallel:
∇νhaµ ≡ haµ,ν − Γθµνhaθ = 0. (2)
This is called the absolute parallelism condition, i.e., tetrad are parallely
transported in the Weitzenbo¨ck spacetime. Greek alphabets (µ, ν, ρ, ... =
0, 1, 2, 3) denote spacetime indices and Latin alphabets (a, b, c, ... = 0, 1, 2, 3)
represent tangent space indices. Spacetime indices and tangent space indices
can be replaced by tetrad field satisfying
haµha
ν = δµ
ν , haµhb
µ = δab. (3)
The presence of non-trivial tetrad field induces both Riemannian and TP
structures on a spacetime and gives rise to the Riemannian metric as a by
product [10], i.e.,
gµν = ηabh
a
µh
b
ν . (4)
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The torsion of the Weitzenbo¨ck connection is defined as
T θµν = Γ
θ
νµ − Γθµν . (5)
The relationship between the Weitzenbo¨ck and Levi-Civita connections is
Γθµν = Γ
0θ
µν +K
θ
µν , (6)
where
Kθµν =
1
2
[T θµ ν + T
θ
ν µ − T θµν ] (7)
is a tensor quantity known as contortion tensor and Γ0
θ
µν is the Levi-Civita
connection of GR
Γ0
θ
µν =
1
2
gθσ(∂µgσν + ∂νgσµ + ∂σgµν). (8)
The TP Lie derivative of a covariant tensor of rank 2 along a vector field ξ
is defined [29] as
(£ξA)µν = ξ
ρ∇ρAµν + (∇µξρ)Aρν + (∇νξρ)Aµρ, (9)
where ∇ρ represents TP covariant derivative given as
∇ρAµν = Aµν ,ρ−ΓθρνAµθ − ΓθρµAθν . (10)
In terms of torsion tensor, this can be written as
(£ξA)µν = ξ
ρAµν ,ρ+Aρνξ
ρ,µ+Aµρξ
ρ,ν +ξ
ρ(AθνT
θ
µρ + AµθT
θ
νρ). (11)
Similarly, for a contravariant tensor of rank 2, the TP Lie derivative turns
out to be
(£ξA)
µν = ξρAµν ,ρ−Aρνξµ,ρ−Aµρξν ,ρ−ξρ(AθνT µθρ + AµθT νθρ). (12)
The extension of this definition to a mixed tensor of rank r + s is given as
(£ξA)
ρ...σ
µ...ν
= ξαAρ...σµ...ν ,α+A
ρ...σ
α...νξ
α,µ+A
ρ...σ
µ...αξ
α,ν
− Aα...σµ...νξρ,α−...− Aρ...αµ...νξσ,α
+ ξα(Aρ...σβ...νT
β
µα + ... + A
ρ...σ
µ...βT
β
να
− Aβ...σµ...νT ρβα − ...−Aρ...βµ...νT σβα), (13)
where |ρ...σ| = r and |µ...ν| = s.
The Killing equations in TPG are defined as
£ξgµν = 0. (14)
In component form, it can be expressed as
gµν,ρξ
ρ + gρνξ
ρ,µ+gµρξ
ρ,ν +ξ
ρ(gθνT
θ
µρ + gµθT
θ
νρ) = 0. (15)
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3 TP Killing Vectors of Static Spherically Sym-
metric Spacetimes
The most general static spherically symmetric spacetime is given [30] as
ds2 = eν(r)dt2 − eλ(r)dr2 − r2dθ2 − r2 sin2 θdφ2. (16)
Using the procedure [29], the non-vanishing components of the Weitzenbo¨ck
connection are of the form
Γ001 = [ln
√
g00],r, Γ
2
12 =
√−g11
r
= Γ313, Γ
1
11 = [ln
√−g11],r,
Γ221 =
1
r
= Γ331, Γ
1
22 =
−r√−g11 , Γ
3
23 = cot θ = Γ
3
32,
Γ233 = − sin θ cos θ, Γ133 = Γ122 sin2 θ. (17)
The only non-zero components of the torsion tensor are
T 001 = −[ln√g00],r, T 221 = −1
r
(1−√−g11) = T 331. (18)
Using these values of the components of torsion tensor in Eq.(15), we get the
following system of ten partial differential equations
ξ0 = A(r, θ, φ), (19)
eλξ1,0 − eνξ0,1 −
ν ′
2
eνξ0 = 0, (20)
r2ξ2,0 − eνξ0,2 = 0, (21)
r2 sin2 ξ3,0 − eνξ0,3 = 0, (22)
λ′ξ1 + 2ξ1,1 = 0, (23)
ξ2,1 +
eλ
r2
ξ1,2 +
1−
√
eλ
r
ξ2 = 0, (24)
ξ3,1 +
eλ
r2 sin2 θ
ξ1,3 +
1−
√
eλ
r
ξ3 = 0, (25)
ξ1 +
r√
eλ
ξ2,2 = 0, (26)
ξ2,3 + sin
2 θξ3,2 = 0, (27)√
eλξ1 + r cot θξ2 + rξ3,3 = 0, (28)
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where prime represents derivative with respect to r.
Solving Eqs.(23), (24) and (26) simultaneously, we get
ξ1 = e−
λ
2 {B1(t, φ) cos θ +B2(t, φ) sin θ}, (29)
ξ2 = −1
r
{B1(t, φ) sin θ − B2(t, φ) cos θ} + C(t, φ)e−F (r), (30)
where
F (r) =
∫
1− eλ2
r
dr. (31)
Substituting this value of ξ2 in Eq.(27), we have
ξ3 =
1
r
{B1,3(t, φ) ln | csc θ − cot θ|+B2,3(t, φ) csc θ}
− C,3(t, φ)e−F (r) cot θ +D(t, r, φ). (32)
Using these values in the remaining equations, it follows that
ξ0 = e−
ν
2 c0,
ξ1 = e−
λ
2 {c1 cos θ + (c2 cosφ+ c3 sin φ) sin θ},
ξ2 = −1
r
{c1 sin θ − (c2 cos φ+ c3 sinφ) cos θ}+ e−F (r)(c4 cosφ+ c5 sinφ),
ξ3 =
1
r
{(c3 cosφ− c2 sin φ) csc θ}
− e−F (r) cot θ(c4 sinφ− c5 cosφ) + c6e−F (r). (33)
Thus we obtain seven TP KVs of static spherically symmetric spacetimes
given as
ξ(0) = e
−
ν
2
∂
∂t
,
ξ(1) = e
−F (r) ∂
∂φ
,
ξ(2) = e
−F (r)(cosφ
∂
∂θ
− cot θ sin φ ∂
∂φ
),
ξ(3) = e
−F (r)(sin φ
∂
∂θ
+ cot θ cosφ
∂
∂φ
),
ξ(4) = e
−
λ
2 cos θ
∂
∂r
− 1
r
sin θ
∂
∂θ
,
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ξ(5) = e
−
λ
2 sin θ cos φ
∂
∂r
+
1
r
cos φ cos θ
∂
∂θ
− 1
r
sin φ csc θ
∂
∂φ
,
ξ(6) = e
−
λ
2 sin θ sin φ
∂
∂r
+
1
r
sinφ cos θ
∂
∂θ
+
1
r
cosφ csc θ
∂
∂φ
. (34)
4 TP Killing Vectors of the Friedmann Mod-
els
The metric representing the FRW models is given [31] as
ds2 = dt2 − a2(t)[dχ2 + fk2(χ)(dθ2 + sin2 θdφ2)], (35)
where
fk(χ) = sinhχ, k = −1,
= χ, k = 0,
= sinχ, k = +1, (36)
The non-zero components of the Weitzenbo¨ck connection are
Γ110 = Γ
2
20 = Γ
3
30 =
a˙
a
,
Γ122 = −fk, Γ133 = Γ122 sin2 θ,
Γ212 = Γ
3
13 =
1
fk
, Γ221 = Γ
3
31 = Γ
2
12f
′
k,
Γ233 = − sin θ cos θ, Γ323 = cot θ = Γ332, (37)
where dot and prime denote the derivatives with respect to t and χ respec-
tively. Consequently, the non-vanishing components of the torsion tensor
are
T 110 = T
2
20 = T
3
30 = −T 101 = −T 202 = −T 303 = − a˙
a
,
T 221 = T
3
31 = −T 212 = −T 313 = 1
fk
(1− f ′k). (38)
In component form the TP Killing equations for this metric turn out to be
ξ0 = A(χ, θ, φ), (39)
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ξ1 = B(t, θ, φ), (40)
ξ2,3 + sin
2 θξ3,2 = 0, (41)
a2ξ1,0 − ξ0,1 + aa˙ξ1 = 0, (42)
a˙fkξ
0 + afkξ
2
,2 + aξ
1 = 0, (43)
fk
2ξ2,1 + ξ
1
,2 − fk{1− f ′k}ξ2 = 0, (44)
fk
2 sin2 θξ3,1 + ξ
1
,3 − fk{1− f ′k} sin2 θξ3 = 0, (45)
a˙fkξ
0 + aξ1 + afk cot θξ
2 + afkξ
3
,3 = 0, (46)
a2fk
2ξ2,0 − ξ0,2 + aa˙fk2ξ2 = 0, (47)
a2fk
2 sin2 θξ3,0 − ξ0,3 + aa˙fk2sin2 θξ3 = 0. (48)
Solving Eqs.(43), (44) and (47) along with Eqs.(39) and (40), we get
a = c1t+ c2 and
ξ0 = eF (χ){A1(φ)θ + A2(φ)},
ξ1 =
1
a
{B1(φ) cos θ +B2(φ) sin θ},
ξ2 = − a˙
a
eF (χ){A1(φ)θ
2
2
+ A2(φ)θ}
− 1
afk
{B1(φ) sin θ − B2(φ) cos θ}+ C(t, χ, φ), (49)
where
F (χ) =
∫
1− f ′k
fk
dχ. (50)
Now solving Eqs.(41) and (46) along with Eq.(49), we have
ξ0 = eF (χ)(c3φ+ c4)θ + c5φ+ c6,
ξ1 =
1
a
{(c7φ+ c8) cos θ + (c9 cosφ+ c10 sin φ) sin θ},
ξ2 = − a˙
a
eF (χ){(c3φ+ c4)θ
2
2
+ (c5φ+ c6)θ}
− 1
afk
{(c7φ+ c8) sin θ − (c9 cos φ+ c10 sinφ) cos θ}
+ C1(t, χ) cosφ+ C2(t, χ) sinφ,
ξ3 = − a˙
a
eF (χ){(c3φ
2
2
+ c4φ)θ + (c5
φ2
2
+ c6φ)}
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− 1
afk
{(c9 sinφ− c10 cosφ) sin θ}
+ cot θ
a˙
a
eF (χ){(c3φ
2
φ
+ c4φ)
θ2
2
+ (c5
φ2
2
+ c6φ)θ}
− cot θ
afk
{(c9 sinφ− c10 cosφ) cos θ}
− cot θ{C1(t, χ) sinφ− C2(t, χ) cosφ}+D(t, χ, θ), (51)
Using these values of ξ0, ξ1, ξ2 and ξ3 in the remaining equations, we obtain
ξ0 = 0,
ξ1 =
1
a
{c1 cos θ + (c2 cosφ+ c3 sinφ) sin θ},
ξ2 = − 1
afk
{c1 sin θ − (c2 cosφ+ c3 sinφ) cos θ}+ e
F (χ)
a
{c4 cosφ+ c5 sin φ},
ξ3 = − 1
afk
{(c2 sin φ− c3 cosφ) sin θ} − cot θ
afk
{(c2 sin φ− c3 cosφ) cos θ}
− e
F (χ) cot θ
a
{c4 sinφ− c5 cosφ}+ c6 e
F (χ)
a
. (52)
This leads to six TP KVs of FRW spacetimes
ξ(0) =
eF (χ)
a
∂
∂φ
,
ξ(1) =
eF (χ)
a
{sinφ ∂
∂θ
+ cot θ cos φ
∂
∂φ
},
ξ(2) =
eF (χ)
a
{cosφ ∂
∂θ
− cot θ sinφ ∂
∂φ
},
ξ(3) =
1
a
{cos θ ∂
∂χ
− 1
fk
sin θ
∂
∂θ
},
ξ(4) =
1
a
{(sin θ ∂
∂χ
+
1
fk
cos θ
∂
∂θ
) cosφ− 1
fk
(sin θ + cot θ cos θ) sinφ
∂
∂φ
},
ξ(5) =
1
a
{(sin θ ∂
∂χ
+
1
fk
cos θ
∂
∂θ
) sinφ+
1
fk
(sin θ + cot θ cos θ) cosφ
∂
∂φ
}.
(53)
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5 Summary and Discussion
This paper is devoted to investigate the symmetries in the teleparallel theory
of gravitation. We have evaluated TP KVs for static spherically symmetric
spacetimes and the Friedmann metrics. We find that there exist seven TP
KVs of static spherically symmetric spacetimes while there are four KVs in
GR. If we compare KVs of TPG and GR, it follows that ξ(0) and ξ(ρ) (ρ =
1, 2, 3) in TPG are multiple of the corresponding KVs in GR by e−
ν
2 and
e−F (r) respectively. The first four TP KVs coincide to the four KVs of GR
(as given in appendix A) for ν = 0 and F (r) = 0, i.e., for λ = 0. These
conditions reduce the metric (16) to Minkowski spacetime in spherical polar
coordinates. On the other hand, under these assumptions, Eq.(18) implies
that all components of the torsion tensor will become zero and hence the TP
Killing equations will reduce to the Killing equations of GR. This yields the
trivial four KVs of the spherical symmetry. The remaining three TP KVs are
due to the non-vanishing components of the torsion tensor involving in the
TP Killing equations. In view of these results, it can be conjectured that:
In TPG, the number of independent KVs are restricted to seven for all static
spherically symmetric spacetimes.
We have also explored TP KVs of the Friedman models. It is found
that these are six TP KVs for each model similar to GR [32]. However, the
comparison of these results with those in GR shows that, for k = 0, the first
four TP KVs ξ(ρ) (ρ = 0, 1, 2, 3) are multiple of the corresponding KVs of GR
by 1
a
while the remaining KVs are different. This difference occurs because of
the presence of the torsion components in TP Killing equations. For a(t) = 1,
the first four KVs are the same in both GR (as given in appendix A) and
TPG which leads to Minkowski spacetime. In TPG, the value of scale factor
is found to be a(t) = c1t+c2 which exactly matches with the value found [30]
in GR for c1 =
1
b
and c2 = 0. For both open and closed FRW models, the
KVs do not match in both the theories. This difference is due to the same
reason and hence the Lie algebra of these TP KVs is not closed.
We conclude that the results of KVs do not coincide for the two theories.
It seems that the reason is the non-vanishing components of torsion. It would
be interesting to explore the compatibility of the two theories TPG and GR
and interpret exactly the TP KVs corresponding to GR.
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Appendix A
Killing Vectors of Static Spherically Symmet-
ric Spacetimes in GR
Killing vectors for static spherically symmetric spacetimes in GR are
ξ(0) =
∂
∂t
,
ξ(1) =
∂
∂φ
,
ξ(2) = cos φ
∂
∂θ
− cot θ sinφ ∂
∂φ
,
ξ(3) = sin φ
∂
∂θ
+ cot θ cosφ
∂
∂φ
. (A1)
Killing Vectors of Friedmann Spacetimes in
GR
Linearly independent KVs associated with the FRW models are [43]:
For k = 0
ξ(0) =
∂
∂φ
,
ξ(1) = sinφ
∂
∂θ
+ cot θ cosφ
∂
∂φ
,
ξ(2) = cosφ
∂
∂θ
− cot θ sinφ ∂
∂φ
,
ξ(3) = (cos θ
∂
∂χ
− 1
χ
sin θ
∂
∂θ
),
ξ(4) = (sin θ
∂
∂χ
+
1
χ
cos θ
∂
∂θ
) cosφ− 1
χ
csc θ sinφ
∂
∂φ
,
ξ(5) = (sin θ
∂
∂χ
+
1
χ
cos θ
∂
∂θ
) sinφ+
1
χ
csc θ cosφ
∂
∂φ
. (A2)
For k = 1
ξ(0) =
∂
∂φ
,
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ξ(1) = sin φ
∂
∂θ
+ cot θ cosφ
∂
∂φ
,
ξ(2) = cosφ
∂
∂θ
− cot θ sin φ ∂
∂φ
,
ξ(3) = (cos θ
∂
∂χ
− cotχ sin θ ∂
∂θ
),
ξ(4) = (sin θ
∂
∂χ
+ cotχ cos θ
∂
∂θ
) cosφ− cotχ csc θ sinφ ∂
∂φ
,
ξ(5) = (sin θ
∂
∂χ
+ cotχ cos θ
∂
∂θ
) sinφ+ cotχ csc θ cosφ
∂
∂φ
. (A3)
For k = −1
ξ(0) =
∂
∂φ
,
ξ(1) = sinφ
∂
∂θ
+ cot θ cosφ
∂
∂φ
,
ξ(2) = cosφ
∂
∂θ
− cot θ sin φ ∂
∂φ
,
ξ(3) = (cos θ
∂
∂χ
− cothχ sin θ ∂
∂θ
),
ξ(4) = (sin θ
∂
∂χ
+ cothχ cos θ
∂
∂θ
) cosφ− cothχ csc θ sinφ ∂
∂φ
,
ξ(5) = (sin θ
∂
∂χ
+ cothχ cos θ
∂
∂θ
) sinφ+ cothχ csc θ cos φ
∂
∂φ
. (A4)
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